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van der Waals bonds in density-functional theory
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The concept of implicit exchange-correlation energy functioafgtimized potential methodOPM)] is
applied to the helium and neon dimers. Using the lowest order correlation functional obtained within Kohn-
Sham perturbation theory we find energy surfaces in reasonable quantitative agreement with the exact results,
thus demonstrating that the OPM allows a seamless description of van der Waals bond systems.

PACS numbegps): 31.10+2z, 31.15.Ew, 34.26:b, 71.15.Mb

Since the seminal paper of Zaremba and K¢hhthe theory[15]. This functional consists of two contributions, the
description of van der WaalsdW) bonds has been a major first one having the same form as the second ordéitevio
topic in density functional theoryDFT) [2—9]. The interest Plesset expressiofMP2) and the second one reflecting the
stems from the fact that the current standard approximationdifference between the exchange-oftyonly) OPM and the
for the exchange-correlatioixc) energy functionak,., the  Hartree-FockHF) ground state energyAHF)
local density(LDA), and generalized gradietGGA) ap-
proximations, do not reproduce long-range forces which ex- EZ=EYP2+EQT, ()
tend into regions of space with vanishing density. For some 4 . . .
time, research in DFT has thus focused on the prediction of  cwez_ & (ij[[kDLGj KD —=(jlTk)]
the leading vdW coefficien€g which is accessible via the € '
polarizabilities obtained from the Kohn-ShaildS) orbitals
of the isolated systemgatoms, molecular componets AHE
[3-7,9. Ec"= X

However, for actual applications a seamless DFT descrip- G=cFTa T
tion of vdW forces is required, i.e., a xc functional which not + +
only reproduces the asymptoticRE/ limit but rather the (ij”kl):f d3r1f dr, 1 () élr) 6 (r2) éi(r2)
complete energy surfadé,(R) (with R denoting the inter- [r—ro]
nuclear separationof vdW bond systemgand, simulta- 4

neously, covalent bonds, etdhis fact is emphasized by the where(i|u /1) = d® ¢>iT(r) d1(N)y(r), € is the Fermi level

observation that the RP attraction is not the only binding andu,, the OPM exchange potential. It has been shown that
mechanism in these systems: in spite of their failure in theE(z) axpproaches the asymptotic de lrft6] and yieldsCy

. . S
largeR regime, GGAs have been showi0] to provide coefficients in reasonable quantitative agreement with ex-

more realistic results for noble gas dimers than the LDA,”" " : . S
reflecting the small, but nonnegligible density overlap at theoenmental values for light atonls,9], notwithstanding its

equilibrium separatioR, (for He, one finds a density over- pelrtt?rbanve égiﬁcmm Ielas;[h as long ?stthde atomg :e-th

lap of roughly 1% of the density at thieexpectation value of sultirom an ypey). Inthe préagen study we apply the

atomic Helium. combination (.)f. the exacE, and E; to.Hez anq Ne, in
Recently, three suggestions for a seamless DFT treatmeffder to explicitly demonstrate that this function@hlled

of vdW systems have been put forwd@-8], all three rely- FC2 hereafterdoes in fact reproduce the complete nature of

ing on the adiabatic connection formula By, together with VAW bonds. _
some approximation for its crucial ingredient, the coupling- F0r the solution of the two-center Kohn-Sham equations

constant-dependent response function. However, while thed¥€ Use prolate spheroidal coordinatesy, ¢,
schemes yield rather accurate valuesQgr full scale appli-

2

Zei,ejSeF<Ek,E| 6i+€j_€k_€|
l H 2 .. . 2
aog [ilvd+e® 2 dillini @
J

E'\EF

cations to vdW-bond molecules are not yet available. &= r1+r2’ 1<{<oo, (5)
A systematic(i.e., universal and parameter-fieand di- R
rectly applicable approach to a seamless DFT description is
offered by the concept of implicit, i.e., orbital-dependent, xc _NTh g
: ) . ; n= , =7=<1, (6)
functionals for which the corresponding xc potential has to R
be evaluated via the optimized potential metl@®M) [11].
In most applications of the OPM.2—14 the exact represen- y
tation of the exchange enerdy, via the Fock term(evalu- ‘P:tar<§ » Ose=2m, (@)

ated with the KS orbitalsp,) is combined with a conven-

tional density functional for the correlation enerdy,.  wherery, r, are the distances between the electronic coor-
However, recently an orbital-dependent correlation funcdinate r and the two nuclei at the positions (G:R/2),
tional has been introduced on the basis of KS perturbation; ,=[x?+y?+ (z=R/2)?]"2 Due to the rotational symme-
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try with respect to the internuclear axis the KS orbitals can TABLE I. N, andl ., together with corresponding erroésfor

be classified by the angular momentum projection quantunthe individual components oEy(R) (all 6 in uHartree, R=10

numberm, Bohr for Hg,, R=7 Bohr for Ng). TheN,,| . values from which
the § are extracted are given in parentheses.

¢i(r):'//k,\m\(§,77)elm¢Xm (8)
E)é-only AMPZ AAHF
with m=0,£1,+2,...,k=1,2,..., andy, denoting the
standard Pauli spinors. The cylindrical KS orbitalsHe N 512: =01 128 =01 512: §=0.0
(£, 77) are then expanded in terms of a nonorthogonal (512vs 128  (128vs 64  (512vs 128
Hylleraas basis Imax ~ 23: 6=0.0 27: 6=04 23:. 6=0.0
(23 vs 20 (27 vs 23 (23 vs 20

Nmax I maxt M

Y ml(Em) =2 ; Cfm(PI™ () (£2—1)Im"2 Ne, N, 512: 6=07 64 6=03 128 =01
n=0 1=[mi (512vs 128 (64 vs 32 (128 vs 64

X _§—1

ex 2a

|l 33 6=166 27 =39 29° 6=0.1
, 9 (33 vs 29 (27 vs 23 (29 vs 23

where theL ' and P|" are generalized Laguerre polynomials _
and associated Legendre functions, respectively,aaisdan ~ [12,14,19,20) and has not yet been successfully imple-
adjustable parameter. The resulting selfconsistent algebragented for the functiona(l). We have thus used the
eigenvalue problem has been discussed in detail in[R@f.  Krieger-Li-lafrate approximatioi19] for the calculation of
to which we refer the reader for further information. vx Which has been shown to give very accurate results for a

For the evaluation of the Slater integrals in both the exachumber of systems, in particular for light atortsee, e.g.,
E, and the correlation functiondl) a multipole expansion Ref.[19]). E&*), on the other hand, has been evaluated per-
of the Coulomb interactiof18] has been used, turbatively which should be legitimate in view of the fact
that for finite systems the correlation potential is only a mi-

&1
a

LIm

R\® nor component of the total KS potential
. _ 2 _ M .
(ij|[kh)=(2m) (5 S, .0, %) .0 Om+m m+m(—1) In our calculations the basis paramegghas been chosen
. so that the position;+r, |of| the outermost node of the high-
(L=M)1} (= * est Laguerre polynomidl,"((£—1)/a) in the basis remains
XLZM (2L+1) (L+M)! L dglfl dé, invariant whenR varies. This essentially leads to a propor-
tionality of a with 1/R. For bothE,. and E the multipole
X{ER(ED) — O EDH E5(£2) — 05 (£} expansion has been truncated at the highest angular momen-
M M tum available in the basis,,, (see Table)l This is consis-
X{O (&1~ E)QU(E1)PI(&2) tent with the fact that the multipole expansion of the density
L O£ — £ PV M 10 is determined via eqs) 0r_1|y up tol =1 yax- Further increase
(62~ E)PL(£)QU (&} 10 Crthe highest multipoles in Eq&L0) and(11) did not lead to
with M =[m;—my|=|m;—m, any significant changes in the relevant energies.

All numerical integrations were performed via Gauss-
P Im;—m| Legendre quadrature. In the case of the Slater integrals this

fij(f)_J:ld”PL J(”)‘pkilmil(f"?)wkjlmjl(f* ), implies an integration over a continuous, but nondifferen-
tiable function of¢ [due to the step functions in EGLO)]

. 1 = m| with an integration formula designed for polynomials. While
gij(§)=f dy 7?P" () g m (€, ) Pigmy| (€, 7). all other quantities(such as external energies Bg,) are
-t rapidly converging with increasing si2¢; of the ¢ grid, the
accurate calculation of Eqg(10) requires rather larget

and Q[" denoting the associated Legendre functions of sec®

ond kind. A multipole expansion has also been utilized for_meshes(in order to reduce the error introduced in the vicin-

the evaluation of the Hartree potential ity of £;=§, — this error scales quadratically withN).
Fortunately, the absolute magnitudeEff’ is much smaller

1= than that ofE,, so that a larger relative error can be tolerated
vn(é,m=5 > 21+ 1) (EPI(n). (1) in E® than inE,. In order to obtain the total energy as
=0 accurately as possible different spatial grids have been ap-

In contrast to the Slater integral0), the ¢, have not been plied for the self-consistent calculation of the x-only ground
ract i : ' ' : state energyE}s"" and the perturbative evaluation Bf?
calculated by direct integration, but rather by solution of the 9¥-tot the p ¢ T
corresponding differential equations via a shooting proce-o_n the other hand, all integrands are essentially polynomial
dure (for details see Ref17]), which results in much more With respect top, so that one roughly needs3,/2 7-mesh
accurate Hartree potentials and enerdigs points to deal with a basis of side,,, [for this basis the
The numerical solution of the OPM integral equation is acrucial product of density times potential contalig _(7)*
rather time-consuming procedure fd, (compare Refs. as highest order polynomijaMWe have explicitly verified that
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all our results are converged to about @Q.Hartree with re- 2
spect to the number of-mesh points.
For the evaluation of the energy surface, o0
Ep(R)=Eiof X2](R) —2Eof X](R), (12 2r /
Ey ] ;
the atomic ground state ener@y,{ X](R) has been calcu- [meV] 4 9 7 ____i’_‘:ﬁy OPM |
lated with the two-center code with one atom at the position i J s FC2-OPM
(0,0R/2) and the second center remaining empty. Using 6 "‘ 7 _{'Iﬁ];A 7
identical basis parameter, basis size, and grid, this procedure v + MP2
has the advantage that most of the error due to basis set 8 KN T
truncation and of the error introduced by tlentegration 10 L | | | |
cancels out between the atomic and the molecular energies: 4 5 6 7 8 9 10
the energy surface is much more insensitive to numerical R [Bohr]

limitations than the individual energie&@s illustrated in
Table |—see beloyw FIG. 1. Energy surface of He x-only and correlated OPM data

For He, a basis withn,,,,= 14 has been used throughout. versus LDA, HF[22], MP2[23], and exacf21] results.
The more critical parametefs; andl ., are given in Table

l. For instance, for Hethe x-only energy has been evaluated  The values oN, andl . used for Ng are also given in

with N,=512 andl ,,=23. The quality of this basis and Taple | (again ny.=14). The reduced grid employed for
grid can be checked by comparison of the result for a sSinglg=MP2 reflects the high computational cost of the large num-
helium atom at position (0,8/2) with the result of a highly  per of pairs of occupied orbitals present inNEor the same

accurate spherical calcu)l(%tgﬁ[m]. Even for the largesR  a350n excitations of theslkelectrons have not been included
considered10 Boh the o™ obtained with the two-center i, the calculation oEMP? as their contributions cancel out in

code differs from that of the one-center calculation by only
3.5 uHartree. Moreover, in the range 4 BshR=<10 Bohr +2,=3 have been taken into account. F®e=8 Bohr the

; x-only ; ;
the atomicE,,; ™ varies by less than 0.LHartree, which 0 sjon of unoccupied states with= + 3 affectsE,(R) by
demonstrates both the adequate choice of the basis paramei‘?i,uHartree so that the neglect of higher states seems
a and the convergence with respectl jQ. '

Nevertheless, compared with the total well depth of th
(essentially exact variationaE,(R) of 34.7 uHartree[21]
an error of 3.5uHartree would not be really satisfying. For-
tunately, the final criterion for convergence is the variation
of EL(R) when the grid or basis sizes are varied. In Table |
we also list the changes in the individual components o
Ey(R), i.e., EX°™(R) and

Ey(R). For E¥P? all excitations into states witm=0,*+1,

legitimate. Taking everything together, we expect the nu-
€merical accuracy of the Ne-Ne energy surface to be better
than 20uHartree, withl 5, being the limiting factor.

Our results for Hg are summarized in Figs. 1,2. Figure 1
showsE,(R) for three DFT variants in comparison with HF
22], conventional MP2[23] and variational result$21].

hile the LDA does yield a bound Helium dimer, the equi-
librium separatiorR, is predicted too small by 1.1 Bohr and
the corresponding well deptd. is too large by an order of
magnitude(all our LDA results are in close agreement with
those of Ref[10]). This reflects the general perception that

AMPAR)=EMPIX,](R)—2EYPIX](R), (13

ASHRR) =ESTX,]1(R) —2ES"XI(R),  (14)

2 T

resulting from a reduction of eitheM, or |, (the corre- E ' I—Fcz_IOPM ' '
sponding values are also given in Tablelh the case of IR R -==-FC2-OPM without A%HF
the errors in Table | correspond to the largest and thus most 1}k ': - ﬁMp, -
critical R values. For the perturbative evaluation®f all 05 \ ¢ FC2-LDA
excitations into KS states witm=0,=1,+2 have been E ST © ]
taken into account. The importance of excitations into states \ PO

' = — - thai : [meV] L SPesETS
with m= =3 has been checked fé&=8 Bohr: their contri- 05 k- y .
bution toE(R) is only 0.1 Hartree. Taking all information ) i o
together our finak,(R) for He, is accurate within less than 1F A : -
1 puHartree. a5k i . i

This accuracy is confirmed by the value 16 which is ;
extracted from our numericdt,(R) under the assumption -2 e . L L
that for R=10 Bohr E,(R)=—Cs/R®: we find C4=2.26 s e [thr]a ° 10
Hartree Boht, which deviates by only 36% from the value of

1.66 Hartree Bolrobtained via the atomic KS polarizability FIG. 2. Energy surface of He decomposition of FC2- OPM
of helium [7,9], corresponding to an absolute error of 0.6 result into x-only, AHF, and MP2 contributions. Also given is a
unHartree. perturbative FC2 result based on LDA orbitals.
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the LDA is not suitable for describing vdW bonds. In con-  TABLE Il. Bond lengthR,, dissociation energ. (including
sistency with the HF result, the x-only OPM produces azero-point energyand harmonic frequency, of Ne,: FC2-OPM
strictly repulsiveE,(R). Inclusion of E{?) (abbreviated by ~and LDA versus MPZ223] and exact resultf21].

FC2-OPM), on the other hand, leads to an energy surface

which is about as close to the variatiortg)(R) as the MP2 Re De “’gl

data: the FC2-OPM underestimaRsas much(0.2 Bohj as (Bohr) (meV) (em™)
the MP2 app_roach overestimates it. Acc_:ordingly, the FC2{pa 4.97 203 80.0
OPM overestimate® . by about 50%, while MP2 underes- rco_opm 5.48 8.3 45.7
timates it by 35%. Clearly, higher order correlation correc-,p, 6.06 23 231

tions are required to obtain a complete quantitativeExaCt
agreemenf23-25.

The role of the individual components Bt?) is analyzed
in Fig. 2, where we have plotted*" and AMP2 While  EMP2 which is 1.65 mHartree larger than that produced by
AMP2 dominates A“HF nevertheless is not negligible in the the OPM states. This can be explained by the fact that the
vicinity of R,. This becomes particularly obvious if one LDA gap is 20% smaller than the OPM value: while, for
compares the completé,(R) with the energy surface ob- neutral systems, the LDA in general does not support any
tained by neglect oA*HF (see Fig. 2 unoccupied bound statésimilar to the HF, it substantially

The observation that the well depth predicted by the OPMunderestimates the eigenvalue of the highest occupied state
is larger than the HF resultand correspondinghyR, is  (€"°MO=—572 mHartree,e-"M°=+19 mHartree for our
smalley can be traced back to the sizeB}f"?, which, quite  basi$, leading to a rather small net gap. Adding up both
generally, is larger in the case of the ORBke Ref[26]). effects gives a net error of 1.90 mHartree, only part of which
This reflects the fact that the gap between the highest occlis cancelled by the subtraction of the corresponding atomic
pied and the lowest unoccupied orbitals is smaller in the casenergies.
of the x-only OPM €"°MCP=—-916 mHartree, e-"MO= Our results for Ne are given in Table II. As for Hethe
—172 mHartree aR=5.8 Boh) than for HF: as the x-only LDA predicts a bound neon dimer, iR,, however, being
OPM and HF approaches give essentially ident€d°,  too small by 0.9 Bohr and it®, being too large by a factor
the difference between the respectlﬂyPZ is controlled by  of 5. The spectroscopic constants obtained with the FC2-
the size of the OPM'ss"UMO je. the lowest level of the OPM, on the other hand, are much more realistic, their de-
complete Rydberg series which the OPM generfidsig  Viations from the exact values being roughly a factor of 2.5
(a more detailed analysis of the OPM spectrum will be giversmaller than those of the LDA. While the conventional MP2
in Ref.[27]). As for He, the highest occupied level is rather results are even closer to the exact values than the FC2-OPM
strongly bound; the LUMO contribution does not reduce thedata, the Ne-Ne interaction potential is nevertheless repro-
gap too much and the OPM value f&'*2 is only about —duced semiquantitatively by the OPM scheme.

20% larger than the HF result, similar to the case of atomic N summary, our results demonstrate that the FC2-OPM
helium [26]. This difference is then transferred intd""2. contains the basic physics required to reproduce vdW bonds.

Note, however, that even forHor which the OPM gap is HOwever, as in conventional many-body approaches, higher
considerably smaller than for Heather realistic spectro- order correlation corrections have to be taken into account

scopic parameters are foufi6]. for a fully quantitative qlescription of noble gas diméfsr

In Fig. 2 we have also plotted the energy surface obtaine tate-of-the-art calculations beyond the MP2 level see Refs.
by a perturbative evaluation of the FC2 energy, using self.23—29). One can nevertheless hope that for molecules in
consistent LDA orbital{FC2-LDA). In this CaseEgHF in-  Which dispersive forqes do.not completely dpmmate the mo-
volves the difference between the nonlocal HF exchange anI(?CUIa.r structl_Jre th'e inclusion of the_esser_mal fegtgres of the
the LDA xc potential, and the Fock expression Eyis also vdW interaction via the FC.Z ft_mctlonal is sufficient. We
evaluated with LDA orbitals. The result of this procedure ishave also analyzed the suitability of a fully perturbative

rather different from that of the consistent OPM approach.ev"’“u":ltion of the FC2 functional on the basis of self-

This failure of the FC2-LDA originates from two sources. consistent LDA orbitals: while this approach reproduces the

On the one hand, a significant error is introduced by thel/RG'tail of Eb(R) at Iea}stqual_itatively, it completely fails_in
perturbative evaluation of the comparatively largg, al- th_e actual bonding region. Th-IS demonstrates thz;t functlo_nals
though the correctiorid) makes both the x-only OPM and with the correct _IargeR behavior are not automatically suit-
the LDA-based ground state energies approach the HF valuél.ble for applications to vdW bond. systems .aﬂd that the suc-
at R=5.8 Bohr the sum of the x-only OPM ground state cess of the FC2-OPM procedure is a nontrivial result.
energy andE:H" (evaluated with OPM orbita)sis 3.55 We would like to thank A. Facco Bonetti for very helpful
mHartree more attractive than its LDA-based counterpartdiscussions. Financial support by the Studienstiftung des
On the other hand, LDA orbitals and eigenvalues lead to &eutschen Volke$A.H.) is gratefully acknowledged.
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