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van der Waals bonds in density-functional theory
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The concept of implicit exchange-correlation energy functionals@optimized potential method~OPM!# is
applied to the helium and neon dimers. Using the lowest order correlation functional obtained within Kohn-
Sham perturbation theory we find energy surfaces in reasonable quantitative agreement with the exact results,
thus demonstrating that the OPM allows a seamless description of van der Waals bond systems.

PACS number~s!: 31.10.1z, 31.15.Ew, 34.20.2b, 71.15.Mb
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Since the seminal paper of Zaremba and Kohn@1# the
description of van der Waals~vdW! bonds has been a majo
topic in density functional theory~DFT! @2–9#. The interest
stems from the fact that the current standard approximat
for the exchange-correlation~xc! energy functionalExc , the
local density~LDA !, and generalized gradient~GGA! ap-
proximations, do not reproduce long-range forces which
tend into regions of space with vanishing density. For so
time, research in DFT has thus focused on the prediction
the leading vdW coefficientC6 which is accessible via the
polarizabilities obtained from the Kohn-Sham~KS! orbitals
of the isolated systems~atoms, molecular components!
@3–7,9#.

However, for actual applications a seamless DFT desc
tion of vdW forces is required, i.e., a xc functional which n
only reproduces the asymptotic 1/R6 limit but rather the
complete energy surfaceEb(R) ~with R denoting the inter-
nuclear separation! of vdW bond systems~and, simulta-
neously, covalent bonds, etc!. This fact is emphasized by th
observation that the 1/R6 attraction is not the only binding
mechanism in these systems: in spite of their failure in
large-R regime, GGAs have been shown@10# to provide
more realistic results for noble gas dimers than the LD
reflecting the small, but nonnegligible density overlap at
equilibrium separationRe ~for He2 one finds a density over
lap of roughly 1% of the density at ther-expectation value of
atomic Helium!.

Recently, three suggestions for a seamless DFT treatm
of vdW systems have been put forward@6–8#, all three rely-
ing on the adiabatic connection formula forExc together with
some approximation for its crucial ingredient, the couplin
constant-dependent response function. However, while th
schemes yield rather accurate values forC6, full scale appli-
cations to vdW-bond molecules are not yet available.

A systematic~i.e., universal and parameter-free! and di-
rectly applicable approach to a seamless DFT descriptio
offered by the concept of implicit, i.e., orbital-dependent,
functionals for which the corresponding xc potential has
be evaluated via the optimized potential method~OPM! @11#.
In most applications of the OPM@12–14# the exact represen
tation of the exchange energyEx via the Fock term~evalu-
ated with the KS orbitalsfk) is combined with a conven
tional density functional for the correlation energyEc .
However, recently an orbital-dependent correlation fu
tional has been introduced on the basis of KS perturba
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theory@15#. This functional consists of two contributions, th
first one having the same form as the second order Mo” ller-
Plesset expression~MP2! and the second one reflecting th
difference between the exchange-only~x only! OPM and the
Hartree-Fock~HF! ground state energy (DHF)

Ec
(2)5Ec

MP21Ec
DHF, ~1!

Ec
MP25

e4

2 (
e i ,e j<eF,ek ,e l

~ i j uukl !@~ i j uukl !2~ i j uu lk !#

e i1e j2ek2e l
, ~2!

Ec
DHF5 (

e i<eF,e l

1

e i2e l
u^ i uvxu l &1e2 (

e j<eF

~ i j uu j l )u2, ~3!

~ i j uukl !5E d3r 1E d3r 2

f i
†~r1!fk~r1!f j

†~r2!f l~r2!

ur12r2u
,

~4!

where^ i uvxu l &5*d3r f i
†(r)f l(r)vx(r), eF is the Fermi level

andvx the OPM exchange potential. It has been shown t
Ec

(2) approaches the asymptotic vdW limit@16# and yieldsC6

coefficients in reasonable quantitative agreement with
perimental values for light atoms@7,9#, notwithstanding its
perturbative character~at least, as long as the atomicf i re-
sult from an OPM typevx). In the present study we apply th
combination of the exactEx and Ec

(2) to He2 and Ne2, in
order to explicitly demonstrate that this functional~called
FC2 hereafter! does in fact reproduce the complete nature
vdW bonds.

For the solution of the two-center Kohn-Sham equatio
we use prolate spheroidal coordinatesj,h,w,

j5
r 11r 2

R
, 1<j,`, ~5!

h5
r 12r 2

R
, 21<h<1, ~6!

w5tanS y

xD , 0<w<2p, ~7!

wherer 1 , r 2 are the distances between the electronic co
dinate r and the two nuclei at the positions (0,0,6R/2),
r 1,25@x21y21(z6R/2)2#1/2. Due to the rotational symme
©2000 The American Physical Society02-1
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try with respect to the internuclear axis the KS orbitals c
be classified by the angular momentum projection quan
numberm,

f i~r!5ck,umu~j,h!eimwxs , ~8!

with m50,61,62, . . . , k51,2, . . . , andxs denoting the
standard Pauli spinors. The cylindrical KS orbita
ck,umu(j,h) are then expanded in terms of a nonorthogo
Hylleraas basis

ck,umu~j,h!5 (
n50

nmax

(
l 5umu

l max1umu

cnlumu
k Pl

umu~h!~j221! umu/2

3expS 2
j21

2a DLn
umuS j21

a D , ~9!

where theLn
m andPl

m are generalized Laguerre polynomia
and associated Legendre functions, respectively, anda is an
adjustable parameter. The resulting selfconsistent algeb
eigenvalue problem has been discussed in detail in Ref.@17#
to which we refer the reader for further information.

For the evaluation of the Slater integrals in both the ex
Ex and the correlation functional~1! a multipole expansion
of the Coulomb interaction@18# has been used,

~ i j uukl !5~2p!2S R

2 D 5

ds i ,sk
ds j ,s l

dmi1mj ,mk1ml
~21!M

3 (
L5M

`

~2L11!F ~L2M !!

~L1M !! G
2E

1

`

dj1E
1

`

dj2

3$j1
2f ik

L ~j1!2gik
L ~j1!% $j2

2f j l
L ~j2!2gjl

L ~j2!%

3$Q~j12j2!QL
M~j1!PL

M~j2!

1Q~j22j1!PL
M~j1!QL

M~j2!% ~10!

with M5umi2mku5umj2ml u,

f i j
L ~j!5E

21

1

dh PL
umi2mj u~h!cki umi u~j,h!ckj umj u~j,h!,

gi j
L ~j!5E

21

1

dh h2PL
umi2mj u~h!cki umi u~j,h!ckj umj u~j,h!,

and QL
M denoting the associated Legendre functions of s

ond kind. A multipole expansion has also been utilized
the evaluation of the Hartree potential

vH~j,h!5
1

2 (
l 50

`

~2l 11!z l~j!Pl~h!. ~11!

In contrast to the Slater integrals~10!, the z l have not been
calculated by direct integration, but rather by solution of t
corresponding differential equations via a shooting pro
dure ~for details see Ref.@17#!, which results in much more
accurate Hartree potentials and energiesEH .

The numerical solution of the OPM integral equation is
rather time-consuming procedure forEx ~compare Refs.
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@12,14,19,20#! and has not yet been successfully imp
mented for the functional~1!. We have thus used th
Krieger-Li-Iafrate approximation@19# for the calculation of
vx which has been shown to give very accurate results fo
number of systems, in particular for light atoms~see, e.g.,
Ref. @19#!. Ec

(2), on the other hand, has been evaluated p
turbatively which should be legitimate in view of the fa
that for finite systems the correlation potential is only a m
nor component of the total KS potential.

In our calculations the basis parametera has been chosen
so that the positionr 11r 2 of the outermost node of the high
est Laguerre polynomialLn

umu
„(j21)/a… in the basis remains

invariant whenR varies. This essentially leads to a propo
tionality of a with 1/R. For bothExc and EH the multipole
expansion has been truncated at the highest angular mo
tum available in the basisl max ~see Table I!. This is consis-
tent with the fact that the multipole expansion of the dens
is determined via Eq.~8! only up tol 5 l max. Further increase
of the highest multipoles in Eqs.~10! and~11! did not lead to
any significant changes in the relevant energies.

All numerical integrations were performed via Gaus
Legendre quadrature. In the case of the Slater integrals
implies an integration over a continuous, but nondiffere
tiable function ofj @due to the step functions in Eq.~10!#
with an integration formula designed for polynomials. Wh
all other quantities~such as external energies orEH) are
rapidly converging with increasing sizeNj of the j grid, the
accurate calculation of Eq.~10! requires rather largej
meshes~in order to reduce the error introduced in the vici
ity of j15j2 — this error scales quadratically with 1/Nj).
Fortunately, the absolute magnitude ofEc

(2) is much smaller
than that ofEx , so that a larger relative error can be tolerat
in Ec

(2) than in Ex . In order to obtain the total energy a
accurately as possible different spatial grids have been
plied for the self-consistent calculation of the x-only grou
state energyEtot

x-only and the perturbative evaluation ofEc
(2) .

On the other hand, all integrands are essentially polynom
with respect toh, so that one roughly needs 3l max/2 h-mesh
points to deal with a basis of sizel max @for this basis the
crucial product of density times potential containsPl max

m (h)3

as highest order polynomial#. We have explicitly verified that

TABLE I. Nj and l max together with corresponding errorsd for
the individual components ofEb(R) ~all d in mHartree, R510
Bohr for He2 , R57 Bohr for Ne2). TheNj ,l max values from which
the d are extracted are given in parentheses.

Eb
x-only DMP2 DDHF

He2 Nj 512: d50.1 128: d50.1 512: d50.0
~512 vs 128! ~128 vs 64! ~512 vs 128!

l max 23: d50.0 27: d50.4 23: d50.0
~23 vs 20! ~27 vs 23! ~23 vs 20!

Ne2 Nj 512: d50.7 64: d50.3 128: d50.1
~512 vs 128! ~ 64 vs 32! ~128 vs 64!

l max 33: d516.6 27: d53.9 29: d50.1
~33 vs 29! ~27 vs 23! ~29 vs 23!
2-2
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van der WAALS BONDS IN DENSITY-FUNCTIONAL THEORY PHYSICAL REVIEW A61 032502
all our results are converged to about 0.1mHartree with re-
spect to the number ofh-mesh points.

For the evaluation of the energy surface,

Eb~R!5Etot@X2#~R!22Etot@X#~R!, ~12!

the atomic ground state energyEtot@X#(R) has been calcu
lated with the two-center code with one atom at the posit
(0,0,R/2) and the second center remaining empty. Us
identical basis parameter, basis size, and grid, this proce
has the advantage that most of the error due to basis
truncation and of the error introduced by thej integration
cancels out between the atomic and the molecular ener
the energy surface is much more insensitive to numer
limitations than the individual energies~as illustrated in
Table I—see below!.

For He2 a basis withnmax514 has been used throughou
The more critical parametersNj and l max are given in Table
I. For instance, for He2 the x-only energy has been evaluat
with Nj5512 andl max523. The quality of this basis an
grid can be checked by comparison of the result for a sin
helium atom at position (0,0,R/2) with the result of a highly
accurate spherical calculation@20#. Even for the largestR
considered~10 Bohr! theEtot

x-only obtained with the two-cente
code differs from that of the one-center calculation by o
3.5 mHartree. Moreover, in the range 4 Bohr<R<10 Bohr
the atomicEtot

x-only varies by less than 0.1mHartree, which
demonstrates both the adequate choice of the basis para
a and the convergence with respect tol max.

Nevertheless, compared with the total well depth of
~essentially! exact variationalEb(R) of 34.7 mHartree@21#
an error of 3.5mHartree would not be really satisfying. Fo
tunately, the final criterion for convergence is the variati
of Eb(R) when the grid or basis sizes are varied. In Tabl
we also list the changes in the individual components
Eb(R), i.e., Eb

x-only(R) and

DMP2~R!5Ec
MP2@X2#~R!22Ec

MP2@X#~R!, ~13!

DDHF~R!5Ec
DHF@X2#~R!22Ec

DHF@X#~R!, ~14!

resulting from a reduction of eitherNj or l max ~the corre-
sponding values are also given in Table I!. In the case ofl max
the errors in Table I correspond to the largest and thus m
critical R values. For the perturbative evaluation ofEc

(2) all
excitations into KS states withm50,61,62 have been
taken into account. The importance of excitations into sta
with m563 has been checked forR58 Bohr: their contri-
bution toEb(R) is only 0.1mHartree. Taking all information
together our finalEb(R) for He2 is accurate within less tha
1 mHartree.

This accuracy is confirmed by the value forC6 which is
extracted from our numericalEb(R) under the assumption
that for R510 Bohr Eb(R)[2C6 /R6: we find C652.26
Hartree Bohr6, which deviates by only 36% from the value o
1.66 Hartree Bohr6 obtained via the atomic KS polarizabilit
of helium @7,9#, corresponding to an absolute error of 0
mHartree.
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The values ofNj and l max used for Ne2 are also given in
Table I ~again nmax514). The reduced grid employed fo
Ec

MP2 reflects the high computational cost of the large nu
ber of pairs of occupied orbitals present in Ne2. For the same
reason excitations of the 1s electrons have not been include
in the calculation ofEc

MP2 as their contributions cancel out i
Eb(R). For Ec

MP2 all excitations into states withm50,61,
62,63 have been taken into account. ForR58 Bohr the
inclusion of unoccupied states withm563 affectsEb(R) by
1.1mHartree, so that the neglect of higherm states seems
legitimate. Taking everything together, we expect the n
merical accuracy of the Ne-Ne energy surface to be be
than 20mHartree, withl max being the limiting factor.

Our results for He2 are summarized in Figs. 1,2. Figure
showsEb(R) for three DFT variants in comparison with H
@22#, conventional MP2@23# and variational results@21#.
While the LDA does yield a bound Helium dimer, the equ
librium separationRe is predicted too small by 1.1 Bohr an
the corresponding well depthDe is too large by an order o
magnitude~all our LDA results are in close agreement wi
those of Ref.@10#!. This reflects the general perception th

FIG. 1. Energy surface of He2: x-only and correlated OPM data
versus LDA, HF@22#, MP2 @23#, and exact@21# results.

FIG. 2. Energy surface of He2: decomposition of FC2- OPM
result into x-only,DHF, and MP2 contributions. Also given is
perturbative FC2 result based on LDA orbitals.
2-3
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the LDA is not suitable for describing vdW bonds. In co
sistency with the HF result, the x-only OPM produces
strictly repulsiveEb(R). Inclusion of Ec

(2) ~abbreviated by
FC2-OPM!, on the other hand, leads to an energy surf
which is about as close to the variationalEb(R) as the MP2
data: the FC2-OPM underestimatesRe as much~0.2 Bohr! as
the MP2 approach overestimates it. Accordingly, the FC
OPM overestimatesDe by about 50%, while MP2 underes
timates it by 35%. Clearly, higher order correlation corre
tions are required to obtain a complete quantitat
agreement@23–25#.

The role of the individual components ofEc
(2) is analyzed

in Fig. 2, where we have plottedDDHF and DMP2. While
DMP2 dominates,DDHF nevertheless is not negligible in th
vicinity of Re . This becomes particularly obvious if on
compares the completeEb(R) with the energy surface ob
tained by neglect ofDDHF ~see Fig. 2!.

The observation that the well depth predicted by the O
is larger than the HF result~and correspondinglyRe is
smaller! can be traced back to the size ofEc

MP2, which, quite
generally, is larger in the case of the OPM~see Ref.@26#!.
This reflects the fact that the gap between the highest o
pied and the lowest unoccupied orbitals is smaller in the c
of the x-only OPM (eHOMO52916 mHartree,eLUMO5
2172 mHartree atR55.8 Bohr! than for HF: as the x-only
OPM and HF approaches give essentially identicaleHOMO,
the difference between the respectiveEc

MP2 is controlled by
the size of the OPM’seLUMO, i.e., the lowest level of the
complete Rydberg series which the OPM generates@11,16#
~a more detailed analysis of the OPM spectrum will be giv
in Ref. @27#!. As for He2 the highest occupied level is rathe
strongly bound; the LUMO contribution does not reduce
gap too much and the OPM value forEc

MP2 is only about
20% larger than the HF result, similar to the case of atom
helium @26#. This difference is then transferred intoDMP2.
Note, however, that even for H2 for which the OPM gap is
considerably smaller than for He2 rather realistic spectro
scopic parameters are found@26#.

In Fig. 2 we have also plotted the energy surface obtai
by a perturbative evaluation of the FC2 energy, using s
consistent LDA orbitals~FC2-LDA!. In this caseEc

DHF in-
volves the difference between the nonlocal HF exchange
the LDA xc potential, and the Fock expression forEx is also
evaluated with LDA orbitals. The result of this procedure
rather different from that of the consistent OPM approa
This failure of the FC2-LDA originates from two source
On the one hand, a significant error is introduced by
perturbative evaluation of the comparatively largeEx , al-
though the correction~3! makes both the x-only OPM an
the LDA-based ground state energies approach the HF va
at R55.8 Bohr the sum of the x-only OPM ground sta
energy andEc

DHF ~evaluated with OPM orbitals! is 3.55
mHartree more attractive than its LDA-based counterp
On the other hand, LDA orbitals and eigenvalues lead t
03250
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Ec
MP2 which is 1.65 mHartree larger than that produced

the OPM states. This can be explained by the fact that
LDA gap is 20% smaller than the OPM value: while, fo
neutral systems, the LDA in general does not support
unoccupied bound states~similar to the HF!, it substantially
underestimates the eigenvalue of the highest occupied
(eHOMO52572 mHartree,eLUMO5119 mHartree for our
basis!, leading to a rather small net gap. Adding up bo
effects gives a net error of 1.90 mHartree, only part of wh
is cancelled by the subtraction of the corresponding ato
energies.

Our results for Ne2 are given in Table II. As for He2 the
LDA predicts a bound neon dimer, itsRe , however, being
too small by 0.9 Bohr and itsDe being too large by a facto
of 5. The spectroscopic constants obtained with the F
OPM, on the other hand, are much more realistic, their
viations from the exact values being roughly a factor of 2
smaller than those of the LDA. While the conventional MP
results are even closer to the exact values than the FC2-O
data, the Ne-Ne interaction potential is nevertheless rep
duced semiquantitatively by the OPM scheme.

In summary, our results demonstrate that the FC2-O
contains the basic physics required to reproduce vdW bo
However, as in conventional many-body approaches, hig
order correlation corrections have to be taken into acco
for a fully quantitative description of noble gas dimers~for
state-of-the-art calculations beyond the MP2 level see R
@23–25#!. One can nevertheless hope that for molecules
which dispersive forces do not completely dominate the m
lecular structure the inclusion of the essential features of
vdW interaction via the FC2 functional is sufficient. W
have also analyzed the suitability of a fully perturbati
evaluation of the FC2 functional on the basis of se
consistent LDA orbitals: while this approach reproduces
1/R6-tail of Eb(R) at least qualitatively, it completely fails in
the actual bonding region. This demonstrates that function
with the correct large-R behavior are not automatically sui
able for applications to vdW bond systems and that the s
cess of the FC2-OPM procedure is a nontrivial result.

We would like to thank A. Facco Bonetti for very helpfu
discussions. Financial support by the Studienstiftung
Deutschen Volkes~A.H.! is gratefully acknowledged.

TABLE II. Bond lengthRe , dissociation energyDe ~including
zero-point energy! and harmonic frequencyve of Ne2: FC2-OPM
and LDA versus MP2@23# and exact results@21#.

Re De ve

~Bohr! ~meV! (cm21)

LDA 4.97 20.3 80.0
FC2-OPM 5.48 8.3 45.7
MP2 6.06 2.3 23.1
Exact 5.84 3.6 28.4
2-4
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